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THE STRESSES IN COLUMNS UNDEft OOMBIIIED AXlAL AND SIDE LOADS- 



The problem "before us is to determine the total jStr^sses 
in an axially loaded ooliamn of any degree of restraint which is 
also subject to transverse bending both from a uniformly distrib- 
uted load and from concentrated loads. The solution of this prob- 
lem is of especial importance in the design of aircraft which 
consist of slender colunvas. 

Consider the general case (Fig. 1). 

A column of length L which is encastre'ed at the points of 
support by the moments and UL-^ and supports the axial load P 
is also subjected to bending by both a uniformly distributed load 
of w and concentrated loads. 

The length of the column is divided into (n + l, sections 
by the n concentrated loads. 

If Mq is the simple bending moment at a section betv;een 
&x and ai+i and is the total bending moment then 
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Mx = Mq + Py^ 



The differential equation of the elastic curve is 
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we can write 



For each one of the (n+i) sections there is a differential 

r 

equation of the above form from which 

Mo := I wLx - I 10:- 4- -jp-^ - 

r=n M-u - Ma 

- 2 Fr (x-ar) + Ma+ r ^ ^ 
r=*+i 

Between a^. and a^^+i the equation of the deflection curve 
is =r a^, cos ■§ + Bj. sin f - ^ (wo* + Mq) and the derivative 
for the tangent to this curve is 



yi = - •§ ^r .sin ^ + Q Br cos - - 



in which 



r=n L _ ^ - 

M'o = p wL - wx + ^2 — - Z, Fr + E 

r=x ij r=:r-+i 

For the determination of the 2(n+l) constants A and B the 
following conditions are used: 

Once for x=o - 

Once for x=L ^ -7^=0 

n times for Xsa^ y^-i = 

n times for x=a3, = y'r 

The solution of these (3n + 2) equations gives the following 
values for the constants: 
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wnerexn 



Ax r= An + c 2 T^*- sin -r- 



An = 



in which 



r=n Fj, a, 

2 
r+i 

n - ^ (wo* + Ma) . 

T=T ^x 

Bj, = Bq + c J- cos — 



Bo = p (wc* + Mij) -: — E - ^ (wc^ + Ma) cot q 

sxn ^ 
o 

- o cot o xli- ^ 

By the help og^ these constants the form of the shear and 
moment curves can be determined, between a^+i and a^.. 

The moment M^. = P (Aj cos ■§ + B^, sin —} - wo® 
The shear V^. = | (- A^. sin f + B^, cos f ) 

The maximum bending moment occurs at the abscissa Xm if 
tan 0 = gxves a real value of falling between 

Knowing the moments the deflection is then determined from 

Yr = I (Mr - Mq) 

1. Special case with a numerical example (Figs. 3 and 3). 
A freely supported beam is subjected to only one transverse 
load. The constants are then 
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Ai = 0 

Ao = o • sin"^ 

° P C 

Bft = - c — sin — oot — 

o poo 

Bi = Bq + C -~ COB — ^ 

° P o 



The moment between 



X = o to a^^ is = 1?B^ sin ^ 



and 



X = ai to L . is Mo = PCAq cos f .4- sin ~) 

Tlie maximum moment occurs at the point as long as 

tan — = - oot - gives a value Xj^ = L - — tt which is greater 
than a^ . 

That is: If the load is applied within the portion from 
c 

x=o tox=L-iTT the maximum bending moment always comes at 
the point x = L - g n and not xinder the load. 
A beam of L t= 4. 0 meters span and with 

c = / p =2.0 meters carries at a distance of 
ai = 0.5 meters from the left support a load % = 350 kg. 
At the same time it is subjected to an axial load of P = 5000 kg. 
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From the qiuantit.ies 



cF 1 

— -:r:: f sin .. :r-* = 0.348 ; oos = 0.969 j 
10 o o 



P 



L 

cot ~ = - 0. 458 



o 

One obtains tlie values of the constants 

Ao = 0. 0348 
Bo = 0.0114 
Bj. = 0.1083 



The moments 



X 

Ml = 545. 5 sin o 



Mq = 134 cos Q + 57 sin 



The point of maximum moment Xjq = 0. 86 m. 

In Fig. 3 the moment curves are shown. The point of maximum 
moment does not lie under the load but at section ^ - 0. 86 m. 

3. SpeoiaJL Case. The loads axe located symmetrically about 
the middle of the beam, (Fig. 4). From the above we find the con- 
stants B 

Bo = ^ (wc- + Ma) tan |^ + | Yo ^^TT + o tan |^ 2 " 1^ ¥ 

8c - 

r==r F ap 
Bj = Bq + c 2 — *• cos — ^ 
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Since the constants A remain unchanged the maximiaa bending 
moment in the middle of the beam is 



M =: 



' a L , C ^ L 

■ao^ {1 - oos + 2 sin 



2c 



r=n a 

+ c 2 Fj. . sin + M, 
r=i c c 



Froin this formula all the individual cases can be derived. 




L = 4rn * 
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. Fig .4, 



